It was considered one of the great successes of quantum mechanics to be able to account for both terms of (0.1) simultaneously. This attempt to derive (0-1) from the quantized laws of the electromagnetic field is contained [ 252 ] in one of the first papers on matrix mechanics by Born, Heisenberg and Jordan (1926) ; as a matter of fact, only a one-dimensional model was treated. Recently Heisenberg (i931) has raised objections against this proof because certain divergent integrals were neglected, and he has tried to remedy this defect by the assumption that the partial volume considered has no sharp boundaries. We have been led to reconsider the problem in the hope of deriving some information from these divergent integrals about possible limits of our present radiation theory-similar to the information provided by the infinite zero energy of the vacuum and the self-energy of the electron. The result of our study is rather surprising.
We find that Heisenberg's objections were not justified. On the other hand, we have discovered not only another serious error in the old calculations, but convinced ourselves that the whole problem has not been clearly formulated by previous investigators and the numerous authors who have quoted their results in text-books and lectures. It is not to be expected that the formula (0.1) derived by the methods of statistical mechanics should coincide exactly with the formula derived from the quantized electromagnetic field. The two methods are really concerned with different objects and, therefore, lead to different results. We shall give here the derivation of the correct formulae for both cases and show that the difference can be interpreted physically. The result is that (in contradiction to Heisenberg's statement) no other infinities occur than that of the zero energy of the radiation field; if this is admitted the formula (0.1) is in full agreement with that derived from the interference fluctuations of the quantized field. But the infinity of zero energy is really disastrous to the whole argument. We shall discuss this difficulty in the last section in connexion with the question of a future theory which avoids these infinities.
FLUCTUATIONS DERIVED FROM STATISTICAL MECHANICS
The starting point of Einstein's considerations is the formula of statistical mechanics:
which is easily proved for a system having a partition function which is easily proved for a system having a partition function (1.2) Z = g, ie-6n. We consider the limiting case of low temperatures; if we make T->0, ->oo we see from (1.5) that U -z, vhv, therefore U2 -0. This fact shows that in spite of adding the zero energy to Planck's formula, this zero vibration has no effect on the mean square fluctuation. And this is not surprising. For in deriving (1-6) we considered the radiation field of volume v as a total thermodynamical system in equilibrium with a bath of temperature T. If T = 0 the system is necessarily in its lowest quantum state, and no fluctuations of energy can be expected. Whether this lowest state is represented by "no waves" (classical theory) or "zero waves" (quantum theory) does not matter at all.
If we are now going to carry out Einstein's programme we have to consider a partial volume v and calculate the fluctuation of the energy contained in it. The source of these fluctuations is the interferences of the elementary waves, and these exist not only for waves proper which correspond to photons, but for zero waves as well. We shall, therefore, expect to find an additional term in the fluctuations corresponding to the zero energy, In fact, we have to deal with two essentially different models; (0.1) corresponds to a total system, (2-2) to a partial one. Einstein's argument in identifying these models was apparently this: the partial volume filled with radiation should evidently behave in the same way as if the outer radiation were a bath of constant temperature. This conclusion is quite right for higher temperatures, but if the temperature is so low that the thermal energy E, is of the same order or smaller than the zero energy the difference between the wave model and the total system becomes important: the zero waves in the partial volume continue to interfere and fluctuate, whereas the closed system comes to rest in its lowest quantum state.
We shall now proceed to prove (2*1) as a consequence of the wave theory.
QUANTIZED FIELD AND ENERGY DENSITY
We follow the presentation of the quantized electromagnetic field given by Heitler (I936), on pp. 43-4 of his book.
We oo,f2(k + k,) in the sums (5.8) does not change appreciably in one of the regions. This cannot be said about the factors depending on n n,' , for these numbers, of course, change at random as we pass from one oscillator to the next. We can now replace nm, na under the summation sign by their mean values over the small regions Ak, and we postulate that these mean values do not change appreciably in regions whose extension is of the order 1/1. This is, of course, not the case for all matrix elements. If, however, I is sufficiently large our postulate is satisfied for those matrix elements which correspond to states of the radiation field for which a mean value nA dkA of photons with wave vectors in (kA, ka +dkA) and directions of polarization eO can be defined. We restrict our considerations to such states, and all subsequent formulae hold only for matrix elements corresponding to such states.* We now go to the limit L-?oo. As k is the wave number per 27 units of length we have to replace where zv is the density function as used before. We shal briefly investigate what changes occur in our formulae by using the distribution function (6-2) with any /r(v) having properties similar to that given by (6l1).
In (5-9) we have to introduce under the integral the factor 0(k,) 0(kt,) and, therefore, in (5-11) and (5.14) the factor 02(Jc), and in (5.15) f2(v). Instead of (5.16) we have In the following equations (e E.e,) should be replaced by FA and the summation E be split in two E, accompanied by a corresponding splitting a a, ,?
of the products qAq t, etc. into8t
The essential difference to the original calculation comes from the average over all directions of polarization. Instead of (4-10) we obtain (FA = (1 + cos Aa)2, so that in (4-12) and (5-9) 1 +cos2 OA9 is to be replaced by (1 + cos? a)2. Equation ( It therefore turns out that the interference calculation for a partial system leads to the same result as the thermodynamical treatment of a closed system. The latter comes to rest in its lowest quantum state; in the partial system the zero waves continue to run from one partial volume to the other, but-at least if we take the partial volume sufficiently large-there is no fluctuation of energy.
Our mathematical objections against the critical paper of Heisenberg (193 ) have to be withdrawn.
